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As a smart material, responsive hydrogel usually consists of
polymer networks, interstitial solvent and mobile ions. Depending
on its components, the hydrogel can be broadly divided into two
types: neutral hydrogel and polyelectrolyte hydrogel. The neutral
hydrogel is made up of polymer networks and pure solvent, and
the polyelectrolyte hydrogel additionally includes charged ﬁxed
ions bound on the polymer networks and anions and cations in
the interstitial ﬂuid. Chemo-mechanical coupling phenomena of
such material may appear in a speciﬁc environment, and the chem-
ical and mechanical energy can transfer each other. Therefore,
there are potential applications of the hydrogel in the aspects of
the drug delivery control, tissue engineering and stimuli-sensitive
actuators (Carpi and Smela, 2009). The issue on the chemical diffu-
sion as well as the transformation mechanism of the chemical and
mechanical energy of the hydogel is receiving more and more
attention. Early groundwork of swelling of gels was laid out by
Flory and Rehner (1943), who ﬁrstly developed an explicit free en-
ergy function for neutral gels by combining the stretching of the
polymer network with the mixing of polymer and solvent. This
classical model is still being used widely to model various che-
mo-mechanical coupling behaviors of polymer gels (e.g. Baek and
Pence, 2011; Duda et al., 2010; Hong et al., 2008). However, it
should be noted that, in Flory–Rehner model, the stretching free
energy of polymer networks is represented by Neo-Hookean modelll rights reserved.
.which does not take chain extensibility into account. With the
assumption of constant temperature, Landau et al. (1986) formu-
lated a speciﬁc model of the free energy function for an isotropic
material. Wineman and Rajagopal (1992) presented a speciﬁc free
energy function for polymer gels by combining the Mooney–Rivlin
form of elastic energy with Flory–Huggins mixing energy, which
was also adopted by Deng and Pence (2010a,b) to study the che-
mo-mechanical behavior of hydrogels. Dolbow et al. (2004) pro-
posed a free energy function by combining the Neo-Hookean
model and Flory–Huggins mixing model with modiﬁcations. West-
brook and Qi (2008) adopted the Arruda–Boyce hybrid model (Boy-
ce and Arruda, 2000) to simulate the inhomogeneous deformation
of several hydrogel-based actuators. Hong et al. (2009) used the
chemical potential of the solvent and the deformation gradient of
the network as the independent variables of the Flory–Rehner free
energy function (Flory and Rehner, 1943), and implemented this
material model in the ﬁnite element package, ABAQUS, to analyze
examples of swelling-induced deformation. Chester and Anand
(2010, 2011) developed a theory based on non-Gaussian statistical
mechanics of the polymer chains. Although the non-Gaussian sta-
tistics is more realistic relative to the Gaussian statistics, it does
not take into account the effect of entanglements. However, many
chain entanglements exist in real hydrogels due to uncrossability
of the network chains. The uncrosslinked polymer chains are re-
ferred to as slip-links. Actually, in preparation of the hydrogel, it
is difﬁcult to obtain the desired form of the chemically cross-linked
polymer network because of the inevitable defect formation in
polymer networks, where the entanglement of the slip-links is a
common phenomenon. More recently, Yan and Jin (2012) formu-
Fig. 1. Formation of cross-links.
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the free energy of Edwards–Vilgis slip-link model (Edwards and
Vilgis, 1986) of elasticity with Flory–Huggins mixing energy, and
used this model to solve several simple boundary value problems.
Despite the Yan’s model is more realistic to describe the swelling
deformation of polymer gels, it is still limited due to ignoring the
effects of junction functionality of cross-links. The importance of
junction functionality was previously identiﬁed in highly cross-
linked polymers by Barr-Howell and Peppas (1985).
With the aid of the speciﬁc free energy for a hydrogel, there
have been several notable attempts to formulate a multi-ﬁeld cou-
pling theory for describing various aspects of the response of gels,
including swelling and drying, squeezing of ﬂuid, constrained
deformation and phase transition (e.g. Baek and Srinivasa, 2004;
Birgersson et al., 2008; Cai and Suo, 2011; Chester and Anand,
2010; Durning and Morman, 1993; Doi, 2009; Duda et al., 2010;
Hong et al., 2008; Li et al., 2005). It is well accepted that a hydrogel
can undergo time-dependent large deformation. In the transient
deformation process, the solvent migration is driven by the chem-
ical potential gradient. For the transient analysis of multi-ﬁeld cou-
plings of hydrogels, see references to the vast literature on the
theoretical and numerical modeling (e.g. Baek and Pence, 2011;
Birgersson et al., 2008; Chester and Anand, 2010; Dolbow et al.,
2004; Hong et al., 2008; Li et al., 2009a,b; Yang et al., 2009,
2010; Zhang et al., 2009). In the long-time limit, the hydrogel has
reached the equilibrium with both the mechanical load and the
external solvent, so that the chemical potential of the solvent mol-
ecules is homogeneous throughout the hydrogel, and is prescribed
by the external solvent. There have been several previous efforts to
study the chemo-mechanical equilibrium deformation behaviors of
hydrogels (e.g. Westbrook and Qi, 2008; Hong et al., 2009;
Marcombe et al., 2010; Yan and Jin, 2012).
In this work, we ﬁrst formulate a new hybrid free energy func-
tion of neutral hydrogels by taking into account chain entangle-
ments and junction functionality, and then implement the
developed material model in the ﬁnite element package, ABAQUS,
and analyze several examples of chemo-mechanical equilibrium
deformation behaviors of hydrogels. The results are compared with
the results from previous model to examine the inﬂuence of chain
entanglements and junction functionality of neutral hydrogels.2. The development of the new material model of the hydrogels
This section resumes the main line of work of this paper, and
prescribes a new material model of the hydrogel with chain entan-
glement and junction functionality. The behavior of a gel is mainly
entropic. In order to describe more precisely the free energy for
swelling process of the hydrogel, we need to reformulate the gen-
eral form of the free energy density function from the point of view
of statistical thermodynamics, and derive the hyperelastic consti-
tutive equations of the initially swollen hydrogel.2.1. The new Free energy function of the hydrogels
Paralleling the procedure followed in statistical mechanics of
cross-linked polymer networks (Flory and Rehner, 1943), the for-
mation of cross-linked networks can be considered to involve
two equivalent ways. One is that the polymer chains ﬁrst interlink
with each other to form unswollen networks (step-a), and then
they absorb solvent molecules to obtain the swollen networks
(step-d); The other is that the polymer chains absorb solvent mol-
ecules to form dissolved chains (step-b), and then they interlink
with each other to form the swollen networks (step-c), as shown
in Fig. 1. The changes of the entropy in the two ways are
completely equivalent. Step-c differs from step-a in that theinterlinking process occurs in the presence of solvent. The entropy
change associated with step-d can be written as
Sd ¼ Sb þ Sc  Sa ð1Þ
According to the statistical mechanics of swelling of polymer
network (Flory and Rehner, 1950), the entropy changes in the
step-a, -b and -c can be given by, respectively
Sa ¼ 2NcR f  1f
 
ln 2Nc
Ds
Ve
 
ð2Þ
Sb ¼ R Cs ln 1 VV 0
 
þ Nc ln VV 0
 
ð3Þ
Sc ¼ 2NcR f  1f
 
ln 2Nc
Ds
V 0e
 
þ Sel ð4Þ
where Nc is the mole number of the chemically cross-linked chains;
R is the universal gas constant; Ds is the proper volume element; V
is the volume of dry networks; V0 is the volume of swollen net-
works; f is the functionality of the junctions between chains; e is
a speciﬁc constant; Cs is mole number of solvent molecules, and
Sel is the elastic entropy produced by the swelling of the polymer
networks.
Substituting of Eqs. (2)–(4) into Eq. (1), we can obtain the entro-
py change from the dry state to the swollen state for the cross-
linked polymer networks,
Sd ¼ Sel  R Cs ln 1 VV 0
 
þ 2
f
 1
 
Nc ln
V
V 0
 
ð5Þ
Under the assumption of molecular incompressibility, we introduce
the volume ratio of swelling,
J ¼ V
0
V
¼ 1þ tsCs ð6Þ
where ts is the molar volume of the solvent. Thus Eq. (5) can be
rewritten as
Sd ¼ Sel  R Cs ln tsCsJ þ 1
2
f
 
Nc ln J
 
ð7Þ
Eq. (7) represents the entropy change of the chemically cross-linked
polymer networks during swelling. So far, we have formulated the
expression of the entropy change of swelling for the chemically
cross-linked networks in polymer. In reality, it is difﬁcult to obtain
the desired form of the chemically cross-linked network because of
the inevitable microstructure defect, where the effects of chain
entanglements cannot be ignored. A number of models have been
proposed to describe the entanglement contribution to cross-linked
polymer network behavior, including: tube models (Doi and
Edwards, 1986; Mergell and Everaers, 2001); constrained-junction
models (Ronca and Allegra, 1975); primitive path models (Edwards,
1977; Graessley, 1982); slip-link models (Ball et al., 1981; Edwards
and Vilgis, 1986); diffused-constraint model (Kloczkowski et al.,
1995). It is proved that the Edwards–Vilgis slip-link model
(Edwards and Vilgis, 1986) gives the best agreement with experi-
ment through the comparison between these models with experi-
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In this paper, we use the slip-link model to consider the effects
of entanglements. According to the mechanism of the slip link,
sketched in Fig. 2, a link joins two different chains which may slide
a distance a along the contour of the chains. The elastic entropy
resulting from this model can be expressed as (Ball et al., 1981),
DSs ¼ 12NsR
X3
i¼1
ð1þ gÞk2i
1þ gk2i
þ lnð1þ gk2i Þ
" #
ð8Þ
where Ns represents the mole number of the slip links; kiði ¼ 1;2;3Þ
are the principal stretches; g is the slippage parameter. Ball et al.
(1981) calculated a theoretical value of g = 0.234. In addition to
the change of the entropy, the enthalpy of mixture during the swell-
ing is (Flory and Rehner, 1943),
DHm ¼ CsJ RTv ð9Þ
where v is a dimensionless measure of the enthalpy of mixing, T is
the absolute temperature.
With the use of Eqs. (7) and (8), the total free energy density
function of the neutral hydrogel can be expressed as
w ¼ TSd  TDSs þ DHmix
¼ wcel þ RT 1
2
f
 
Nc ln J þ Cs ln tsCsJ
 
þ 1
2
NsRT
X3
i¼1
ð1þ gÞk2i
1þ gk2i
þ lnð1þ gk2i Þ
" #
þ Cs
J
RTv ð10Þ
where wcel ¼ TSel characterizes the elastic energy density function
of the chemically cross-linked networks. Various existing models
(e.g., Afﬁne, Phantom, Mooney–Rivlin and eight-chain model) can
be used to describe the elastic energy of chemically cross-linked
networks. The elastic free energy from the Afﬁne model is
wcel ¼
1
2
NRT k21 þ k22 þ k23  3 2 ln J
  ð11Þ
Substitution of Eq. (11) into Eq. (10) yields the total free energy den-
sity function of the neutral hydrogel
w ¼ we þ wm ð12Þ
where
we ¼
1
2
NcRT
X3
i¼1
k2i  3
4
f
log JþNs
Nc
X3
i¼1
ð1þ gÞk2i
1þ gk2i
þ ln 1þgk2i
 " #( )
ð13Þ
wm ¼
RT
ts
tsCs ln
tsCs
J
þ tsCs
J
v
 
ð14ÞFig. 2. Schematic representation of microstructure of a slip-link, with its possible motion
by the distances a. (c) its locking into position as a crosslink.where we is the elastic free energy density of the chemically cross-
linked networks and the slip-links, and the effect of entanglements
enters as a contribution and is proportional to the number of slip
links; wm is the free energy of mixing of the polymer networks
and the solvent.
It is noted that the free energy of neutral hydrogels consists of
the elastic free energy of chemically cross-linked chains and slip-
links, and the mixing free energy of mixing. It can be seen from
Eq. (10), the elastic free energy is related to the functionality of
the junctions between chains. Its contribution to the elastic free
energy is ð1 2f ÞRTNc ln J. Due to the cross linkages, a general treat-
ment can be given for a network of any connectivity f > 2. The ef-
fects of the functionality of the junctions and the chains
entanglements were ignored in several previous models. The elas-
tic energy density function adopted by Hong et al. (2008) can be
considered as a special case of the present model with Ns = 0,
f = 2. Whereas the model of Duda et al. (2010) corresponds to the
present model with Ns = 0, f = +1.2.2. Material model of the initial swollen hydrogels
Taking the chemical potential of the solvent as the independent
variable, it is natural to introduce another free energy density func-
tion by using a Legendre transformation,
w^ ¼ w lCs ð15Þ
In order to treat more general deformations due to the effect of
mechanical loading, we now write Eq. (15) as a function of principal
invariants Ii(i = 1, 2, 3). In terms of nonlinear continuum mechanics,
when a body is subjected to large deformation mechanical loading,
let F be the deformation gradient tensor, C = FTF, then the principal
invariants of C are given by
I1 ¼ trC; I2 ¼ trC2; I3 ¼ detC ¼ J2 ð16Þ
Using Eq. (6) and Eqs. (12), (13), (14), and (16), Eq. (15) can be
rewritten as,
w^ðF;lÞ ¼ 1
2
NcRT I1  3 4f log J

þ Ns
Nc
ð1þgÞðI1þ2gI2þ3g2 J2Þ
1þgI1þg2I2þg3J2
þ logð1þ gI1 þ g2I2 þ g3J2Þ
2
4
3
5
9=
;
 RT
ts
ðJ  1Þ log J
J  1
 
 J  1
J
v
 
 l
ts
ðJ  1Þ ð17Þ
The free energy (17) is singular when the network is solvent
free, i.e. J = 1. To avoid this singularity, we choose the initially
swollen state of the hydrogel as a reference state, where the che-
mo-mechanical equilibrium is achieved under no mechanical load.
Relative to the dry network, the network in this state swells withs (a) initial microstructure. (b) possible motions along the network chains speciﬁed
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the initial deformation gradient of the hydrogel at the referenced
conﬁguration is characterized by
F0 ¼ diag½ k0 k0 k0  ð18Þ
In numerical calculations, we wish to use this free-swelling state as
a reference state. The deformation gradient of the current state rel-
ative to the dry network can be written as
F ¼ F0F0 ð19Þ
where F0 is the deformation gradient of the current state relative to
the free-swelling state. The corresponding right Cauchy–Green ten-
sor is C0 = F0TF0.
Taking the free-swelling state as the reference state, we write
the free-energy density as
w^0ðF0;lÞ ¼ k30 w^ðF;lÞ ð20Þ
Substitution of Eqs. (17) and (19) into Eq. (20) yields
w^0ðF0;lÞ ¼ 1
2
NcRT k
1
0 I
0
1 
3
k30
 4
fk30
ð3 ln k0 þ ln J0Þ
" #
þ k
3
0
2
NsRT
ð1þgÞ k20 I01þ2k40gI02þ3k60g2J02ð Þ
1þk20gI01þk40g2 I02þk60g3 J02
þ logð1þ k20gI01 þ k40g2I02 þ k60g3J02Þ
2
4
3
5
 RT
ts
ðJ0  k30 Þ log
J0
J0  k30
 !
 v J
0  k30
 
k30J
0
" #
 l
ts
J0  k30
  ð21Þ
where I01 ¼ trC0, I02 ¼ trC02, J0 = det F0. In the free swelling state of the
hydrogel, the nominal stress in the hydrogel is zero. The relation-
ship between initial stretch k0 and the initial chemical potential
l0 can be derived as,
Nc k
1
0  2k30 =f
 þ 1
ts
logð1 k30 Þ þ k30 þ k60 v
 
þ Nsð1þ gÞ
k10 þ4gk0þ3g2k30
1þ3gk20þ3g2k40þg3k60
þ gk10 þ2g2k0þg3k30ð1þgÞð1þ3gk20þ3g2k40þg3k60Þ
 3k
2
0þ6gk40þ3g2k60ð Þ gk10 þ2g2k0þg3k30ð Þ
1þ3gk20þ3g2k40þg3k60ð Þ2
2
664
3
775 ¼ l0RTts ð22Þ
When the network, solvent, and mechanical load equilibrate in any
state, the chemical potential of the solvent is homogeneous
throughout the hydrogel, and is equal to the external solvent chem-
ical potential. It is worth noting that the hydrogel is supposed to be
impermeable to ionic species but permeable to solvents. The exter-
nal solution is simply treated as an ideal dilute solution, thus the
chemical potential le of the external solvent can be written as
(Levine, 2002),
le ¼ l0 þ RT ln 1
cþe þ ceP
b¼l;þ;cae
 !
ð23Þ
where l0 is the reference chemical potential of the external solvent,
cle, c
þ
e and c

e denote the molar concentrations of the solvent, cation
and anion ionic species, respectively. Because the molar concentra-
tion of the cation and anion ionic species are far less than that of the
solvent, i.e. cþe << c
l
e; c

e << c
l
e, with Taylor series expansion, the
solvent chemical potential can be approximated as,
le  l0  RT
cþe þ ceP
b¼l;þ;cae
 l0  RT c
þ
e þ ce
cle
ð24Þ
The relationship between the molar concentration of solvent and
the species volume fractions nbeðb ¼ l;þ;Þ of the ideal dilute solu-
tion is given by,
tscle ¼
nleP
b¼l;þ;n
b
e
ð25Þwhere nþe << n
l
e; n

e << n
l
e. Substitution of Eq. (25) into Eq. (24)
yields
le  l0 
P
b¼l;þ;n
b
e
nle
RTtsðcþe þ ce Þ ð26Þ
For the ideal solution, we have
P
b¼l;þ;n
b
e
nle
 1, and set the reference
chemical potential of the solvent to be zero, thus the solvent chem-
ical potential of the external solution can be simpliﬁed as,
le  RTts
X
a¼þ;
cae ð27Þ
Combining Eqs. (22) and (27), the initial stretch k0 is related to the
sum of the initial ionic species concentration
P
a¼þ;c
a
e0 of the exter-
nal solution, namely,
Nc k
1
0 2k30 =f
 þ 1
ts
logð1k30 Þþk30 þk60 v
 
þNsð1þgÞ
k10 þ4gk0þ3g2k30
1þ3gk20þ3g2k40þg3k60
þ gk10 þ2g2k0þg3k30ð1þgÞð1þ3gk20þ3g2k40þg3k60Þ
ð3k20þ6gk40þ3g2k60Þðgk10 þ2g2k0þg3k30Þð1þ3gk20þ3g2k40þg3k60Þ2
2
64
3
75¼X
a¼þ;
cae0 ð28Þ
Introducing I01 ¼ J02=3I01 and I02 ¼ J04=3I02, the free energy function
(21) can be expressed as,
w^0 F0;
X
a¼þ;
cae
 !
¼ 1
2
NcRT k10 J
02=3I01 
3
k30
 4
fk30
ð3 ln k0 þ ln J0Þ
" #
þk
3
0
2
NsRT
ð1þgÞðk20 J02=3I01þ2k40gJ
04=3I02þ3k60g2 J
02Þ
1þk20gJ02=3I01þk
4
0g
2 J04=3I02þk
6
0g
3 J02
þ logð1þk20gJ02=3I01þk40g2J04=3I02þk60g3J02Þ
2
4
3
5
ð29Þ
RT
ts
ðJ0  k30 Þ log
J0
J0  k30
 !
 vðJ
0  k30 Þ
k30J
0
" #
þ k30 wt þ RT J0  k30
  X
a¼þ;
cae
It has been shown that swollen hydrogels can be modeled as hyper-
elastic materials. We now consider a hyperelastic framework. Let P
denotes the ﬁrst Piola–Kirchhoff stress tensor. For hyperelastic
materials, P is given by
P ¼
@w^0 F0;
P
a¼þ;c
a
e
	 

@F0
ð30Þ
Without considering the body force, the mechanical equilibrium
equation is,
Div P ¼ 0 ð31Þ
where Div denote the divergence with respect to the material point
in the reference conﬁguration. Let r denote the Cauchy stress ten-
sor, r and P are connected by r = J1PFT.
We have implemented the material model in the ﬁnite-element
package, ABAQUS, by coding (29) and its derivatives in a user-de-
ﬁned subroutine for a hyperelastic material (UHYPER). For details,
the derivatives of the free energy density function with respect to
the invariants are listed in the Appendix. We emphasize that gels
can undergo large changes in volume, so that we use elements that
are compressible. The user-deﬁned material behavior can be used
together with any type of elements to simulate complex deforma-
tion of hydrogels.
3. Numerical simulation
This section describes several numerical examples of homoge-
neous and inhomogeneous deformations using the new free en-
ergy function and considers the inﬂuence of material parameters
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Fig. 3. Variations of swelling ratio of hydrogel vs. normalized ionic species
concentrations of external solution for different material parameters.
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ples have been analyzed by Hong et al. (2009) using the Flo-
ry–Rehner free energy function. We have normalized the molar
concentration of ionic species in external solution by 1/ts, and
normalized the stress by RT/ts. The free energy function intro-
duces several dimensionless material parameters: Ncts, Ncts, f,
g and v. For the general hydrogels, (Nc + Nc)ts gives the range
104–101, Ball et al. (1981) calculated a theoretical value of
g = 0.2343, with the assumption that each slip-link can on aver-
age slide as far as the centers of its topologically neighboring
links. Edwards and Vilgis (1986) argued that for real situations
in a network, g cannot be ﬁxed thus admitting various value.
In this paper, we will take g = 0.1–0.5. For good solvents, v is
in the range 0.1–0.5. For our main purpose to examine the ef-
fects of chain entanglements and junction functionality, we will
ﬁx the value of v as 0.1 in the numerical examples below.
3.1. Free swelling
In the absence of mechanical load, when a cubic block of a
hydrogel is immersed in a external solution, the hydrogel may
swell freely until the solvent chemical potential equilibrates with
the external solvent of chemical potential. Hong et al. (2009) has
analyzed this problem by using the simple Flory–Rehner free en-
ergy density function. However, their work did not consider the
inﬂuence of the slip-link and the junction functionality of the
hydrogel. In the present work, this example will be reexamined
by considering the entanglements and functionality. The results
of Hong et al. (2009) and Duda et al. (2010) are given for
comparison.
For the absence of external force, changes of the external ionic
species concentration can induce the swelling or shrinking of the
hydrogel. In this case, the relationship between the elongation k0
of the hydrogel and the ionic species concentration
P
a¼þ;c
a
e of
the external solution is described by Eq. (28). The volume fraction
of the slip-links in the polymer networks is deﬁned by a parameter
/ ¼ NsNcþNs. Eq. (28) can be directly solved for a free swelling defor-
mation of the hydrogel. The ﬁnite element method can be used
to calculate the relationship between the deformation and the io-
nic species concentration of the external solution. The variations
of swelling ratio of the hydrogel vs. the ionic species concentration
of the external solution for different material parameters f, / and g
are shown in Fig. 3(a)–(c).
It can be found from Fig. 3 that the stretch of the hydrogel is
directly related to the ion concentration of the external solution.
The smaller increment of the ion concentration yields, the larger
expansion is, and vice versa. The material parameters can inﬂuence
the deformation of the hydrogel. For example, in small
concentration of the surrounding solution, the smaller functional-
ity of the chemically cross-linked network leads to the larger
expansion of the hydrogel. The reason is that the smaller function-
ality slightly contributes to the elastic free energy, and then the
swelling of the hydrogel becomes easier. It is noted that the contri-
bution of the functionality to the free energy was not considered in
the previous models. In the case of free swelling, the model of Hong
et al. (2009) overestimates the swelling ratio, whereas the model of
Duda et al. (2010) underestimates the swelling of the hydrogel.
When the entanglement effect is ignored, and functionality is set
to be f = 2, the present results agree with the results of Hong
et al. (2009). For the inﬁnite functionality, the present results are
consistent with that of the Duda et al. (2010). The effects of mate-
rial parameters / and g are illustrated in Fig. 3(b) and (c). It is
found that, for the hydrogel immersed in the solution with lower
ion concentration, the higher value of / can produce the lower free
swelling ratio, but for g, the opposite is true. When the ion concen-
tration in the surrounding solution is relatively large, the swellingratio of the hydrogel is very small, and little effects of f, / and g can
be found. For the hydrogel immersed in a very dilute solution, the
induced swelling ratio is large, and the effects of the structural
parameters are not negligible.
3.2. A blanket layer of a gel bonded to a rigid substrate
Following Hong et al. (2009), we consider a layer of a hydrogel
attached to a rigid substrate, with stress-free pre-swelling of
0.00 0.02 0.04 0.06 0.08 0.10 0.12
1.2
1.6
2.0
2.4
2.8
Hong's model (f=2)
f=4
f=6
Duda's model (f=∝)
(Nc+Ns)υs=0.01
φ=0
η=0.2343
λ
υs(c+
e
+c
-
e
)
a)-1 
0.00 0.02 0.04 0.06 0.08 0.10 0.12
1.0
1.1
1.2
1.3
1.4
1.5 Hong's model (f=2)
f=4
f=6
Duda's model (f=∝)
(Nc+Ns)υs=0.1
φ=0
η=0.2343
λ
υs(c+
e
+c
-
e
)
a)-2 
0.00 0.02 0.04 0.06 0.08 0.10 0.12
1.0
1.5
2.0
2.5
3.0
φ=0.9
φ=0.5
φ=0.1
(Nc+Ns)υs=0.01
η=0.2343
f=4
λ
υs(c+
e
+c
-
e
)
b)-1 
0.00 0.02 0.04 0.06 0.08 0.10
1.0
1.1
1.2
1.3
1.4
1.5
φ=0.1
φ=0.5
φ=0.9
(Nc+Ns)υs=0.1
η=0.2343
f=4
λ
υs(c+
e
+c
-
e
)
b)-2 
0.00 0.02 0.04 0.06 0.08 0.10
1.2
1.6
2.0
2.4
2.8
η=0.5
η=0.3
η=0.1
(Nc+Ns)υs=0.01
φ=0.5
f=4
λ
υs(c+
e
+c
-
e
)
c)-1 
0.00 0.02 0.04 0.06 0.08
1.0
1.1
1.2
1.3
1.4
1.5
1.6
η=0.5
η=0.3
η=0.1
(Nc+Ns)υs=0.1
φ=0.5
f=4
λ
υs(c+
e
+c
-
e
)
c)-2 
Fig. 4. Variations of the normal stretch of a blanket layer of a gel bonded to a rigid substrate with the ion concentrations of the external solution for different material
parameters.
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in a solution with the ion concentration. Conﬁned by the substrate,the hydrogel layer deforms further with a homogeneous swelling
ratio in the direction normal to the layer, and develops a state of
0.00 0.02 0.04 0.06 0.08 0.10 0.12
-0.04
-0.03
-0.02
-0.01
0.00
0.01
(Nc+Ns)υs=0.01
φ=0
η=0.2343
Hong's model (f=2)
f=4
f=6
Duda's model (f=∝)
υ
s P
/R
T
υs(c+
e
+c
-
e
)
(a) 
0.00 0.02 0.04 0.06 0.08 0.10 0.12
-0.04
-0.03
-0.02
-0.01
0.00
0.01
(Nc+Ns)υs=0.01
η=0.2343
f=4
φ=0.1
φ=0.5
φ=0.9
υ
sP
/R
T
υs(c+
e
+c
-
e
)
(b) 
0.00 0.02 0.04 0.06 0.08 0.10 0.12
-0.03
-0.02
-0.01
0.00
0.01
(Nc+Ns)υs=0.01
φ=0.5
f=4
η=0.1
η=0.3
η=0.5
υ
sP
/R
T
υs(c+
e
+c
-
e
)
(c) 
Fig. 5. Variations of the induced equal-biaxial stress of a blanket layer of a gel with
the ion concentrations of the external solution for different material parameters.
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B
Fig. 6. Schematic representation of a hydrogel composite beam.
Q.-S. Yang et al. / International Journal of Solids and Structures 50 (2013) 2437–2448 2443equal-biaxial stress. The stress normal to the layer vanishes, we
have
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where the two in-plane stretches are constrained by rigid substrate
to be the initial value k0, but the out-of-plane stretch can vary with
the ion concentration of the external solution. The magnitude of the
biaxial stress is given by
tsP
RT
¼ Ncts k0  2fk0
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X
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" #
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We use plane-strain elements to simulate the hydrogel layer. The
ﬁnite element results are nearly identical to those calculated from
Eqs. (32) and (33). Fig. 4 plots the swelling curves for biaxial con-
strained hydrogel layer for various values of material parameters.
It can be observed that from Fig. 4(a), similar to the case of free
swelling, the higher value of f can restrict the stretch in the direc-
tion normal to the layer, and the effect is quite obvious when the
value of (Nc + Ns)ts is large. It is of interest to note that the effect
of the volume fraction of slip links / is dependent of the concentra-
tion of polymer links. When the value of is small, more densely
entangled network leads to large stretch of the hydrogel at low val-
ues of ion concentration of external solution. However, for the
hydrogel with the large concentration of polymer links, a critical va-
lue of ts
P
a¼þ;c
a
e0 can be found in Fig. 4(b)-2. For the case of the ion
concentration lower than the critical value, the stretch of the hydro-
gel increases with increasing value of ts
P
a¼þ;c
a
e0 ; for the case of
the ion concentration higher than the critical value, the stretch of
the hydrogel decreases with increasing value of ts
P
a¼þ;c
a
e0. The
inﬂuence of the parameter g is similar to the case of free swelling.
The hydrogel swells less when the value of g is lower, and the
stretches exhibit signiﬁcant change with variation of g at low values
of the ion concentration, as shown in Fig. 4(c)-2.
Upon deformation, the conﬁnement by the substrate induces an
equal-biaxial compressive stress in the hydrogel layer, the
relations between the induced stress and the external ion
concentration are plotted in Fig. 5. It can be easily found that the
magnitude of the compressive stress increases with decreasing
the ion concentration in external solution, and increases with
increasing the junction functionality, as shown in Fig. 5(a). The ef-
fects of material parameters / and g on the induced stress are
shown in Fig. 5(b) and (c), respectively. The magnitude of the stress
increases with decreasing the value of / and g.
3.3. Inhomogeneous deformation of a hydrogel composite beam
In the previous examples, the homogeneous deformation and
the effects of junction functionality and chain entanglements have
been examined. Using the developed material model, we can mod-
el the coupled chemo-mechanical inhomogeneous deformation of
hydrogel-based structures with geometrical complexity. In this
example, we use the coded material model with entanglements ef-
fects to simulate the swell-induced inhomogeneous deformation of
a composite hydrogel beam.
The upper and lower portions of the composite beam are made
up of the two-layered hydrogels with different material properties,
as shown in Fig. 6. In the initial case, it is assumed that the internal
stress of the composite beam is free everywhere, the normalized
Fig. 8. Contours of Von Mises stress of hydrogel composite beam
ðts
P
a¼þ;c
a
e0 ¼ 0:001Þ.
0
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Fig. 9. Deformations and Von Mises stresses of hydrogel composite beam for
different external ion concentrations.
Table 1
Adopted material parameters.
Material parameter Value
Upper gel Lower gel
ts
P
a¼þ;c
a
e0 0.03 0.03
ts(Nc + Ns) 0.001 0.005
f 4 4
/ 0.5 0.5
g 0.2343 0.2343
v 0.1 0.4
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P
a¼þ;c
a
e0. According
to the Eq. (28), the initial elongations k01 and k02 corresponding to
the upper and lower hydrogel structures of the beam can be ob-
tained. On this basis, when the ion concentration of the environ-
mental solution varies, the nonlinear bending deformation of the
beam occurs because of the different material properties of the
hydrogel layers. The material properties of the hydrogel layers
are listed in Table 1.
According to Eq. (28), as the normalized ion concentration of
the solution is 0.03, the initial elongations of the upper and lower
hydrogel layers can be calculated as k01 ¼ 1:4257 and k02 ¼ 1:2995
respectively. We study the deformation of the beam as the ion con-
centration of the external solution is diluted from 0.03 to 0.0001.
The deformations and Von Mises stresses of the composite hydro-
gel beam are shown in Fig. 7. It is easy to see that the composite
beam is bent downward gradually with decrease of the ion concen-
tration of the external solution. The smaller the ion concentration
of the external solution is, the larger the induced deformation is.
When the solution is diluted to a certain extent, the composite
beam can even be deformed to an approximately closed ring. The
deformation of the composite beam is caused mainly by the mis-
match of the materials properties of the upper and lower hydrogel
layers. The different properties of the two hydrogels result in the
different responses to the ions. Due to the low concentration of
the polymer chains and low value of v in the upper hydrogel, the
upper hydrogel is more easily expanded than the lower hydrogel.
With the decrease of the ion concentration of the external solution,
the expansion of the upper hydrogel becomes larger compared to
that of the lower hydrogel, and the induced Von Mises stresses of
the composite beam also increase. The maximum of the Von Mises
stresses occurs at the interface of the two hydrogel layers. For
ts
P
a¼þ;c
a
e0 ¼ 0:001, the distribution of the Von Mises stresses of
the composite beam is shown in Fig. 8. If the ion concentration
of the solution in the initial state is gradually increased to 0.06,0.001=
0
,
0.0001s ec
α
α
υ
=+ −
=∑
Fig. 7. Deformations and Von Mises stresses of hydrogel compthe composite beam will bend in the opposite direction, because
the shrinkage degree of the upper layer is larger than that of the
lower layer, as shown in Fig. 9.
Two reference points A, B are chosen at the cross sections of the
upper and lower hydrogels at the end of the composite beam0.026=
0.015=
0.006=
0.002=
osite beam when decreasing external ion concentrations.
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Fig. 10. Variations of Von Mises stresses at points A, B of hydrogel composite beam with external ion concentrations.
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between the Von Mises stresses of the points A, B and the ion con-
centration of the external solution. The decrease of the ion concen-
tration of the external solution leads to increase of the Von Mises
stresses in the points A, B, as illustrated in Fig. 10(a). The obvious
inhomogeneous nonlinear variations of the Von Mises stress at
points A, B with the ion concentration of the external solution
can be found. The Von Mises stress of point A is higher than that
of point B, which is more obvious with decrease of the ion concen-
tration of the external solution. As the ion concentration of the
external solution gradually increases, as represented in Fig. 10(b),
the Von Mises stresses of the points A, B increase. Here the rela-
tionship between the stresses of points A, B and the ion concentra-
tion of the external solution is approximately linear. Under this
circumstance, the Von Mises stress of point A is still higher than
that of point B, and the difference of the stresses of the two points
becomes larger with increase of the ion concentration.
Finally, it is noted that the processes of the chemo-mechanical
coupling deformation of the hydrogel are completely reversible.
For example, if the ion concentrations are gradually increased from
the state of the dilute solution in Fig. 7 to the initial state, the com-
posite beam in the curved state can be gradually recovered to the
initial state.4. Conclusions
Considering the entanglement of the polymer chains and junc-
tion functionality, we ﬁrst present a new free energy density func-
tion for neutral hydrogels, and then implement this material model
in the ﬁnite element package, ABAQUS, invoking a user-deﬁned
subroutine. The developed material model is used to analyze sev-
eral examples of chemo-mechanical coupling behaviors of hydro-
gels in equilibrium with a solvent and mechanical load. The
chemical potential of the solvent is homogeneous in the hydrogel,
and is set by the ion concentration of the external solution. The
numerical results show that the chain entanglements and junction
functionality have an important inﬂuence on the chemo-mechani-
cal coupling behavior of the hydrogels. The developed material
model can be used to simulate the inhomogeneous deformation
of complex hydrogel-based structures.
With the appropriate material parameters calibrated by exper-
imental data, it is hoped the developed material model and the
implementation in ABAQUS will help researchers to more precisely
simulate diverse complex phenomena in neutral hydrogels.Acknowledgments
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The user subroutine UHYPER supplied by ABAQUS can be used
to embed the material model of the large deformation obtained
into the software to analyze a variety of complex mechanical
deformation behavior. The forms of partial derivatives of the free
energy density function with respect to the invariants of right Cau-
chy–Green tensor should be given in the subroutine UHYPER.
By setting I01 ¼ J02=3I01 and I02 ¼ J04=3I02, the total free energy den-
sity function, Eq. (21) can be written as
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